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1 Introduction

A feasible family of paths in a connected graph G is a family that contains at
least one path between any pair of vertices in G. Any feasible path family defines
a transit function on G. Well-known instances are: the geodesics, the induced
paths, and all paths. Such transit functions are called path transit functions on G
in [12]. A prime example is the interval function I : V × V → 2V of a connected
graph G, where I(u, v) is the set of the vertices lying on shortest paths between
u and v. Other examples are the induced path transit function, and the all-paths
transit function. Any transit function on (V, σ) defines a natural convexity on V .
The convexities associated with the three mentioned path transit functions have
already been studied extensively. Some relevant references are: for the geodesic
convexity [5],[11],[14], [17], [10], for the induced path convexity [4], [13], [8], [15],
for triangle path convexity, [2] and for the all-paths convexity (or the coarse con-
vexity) [16], [3], [1]. See also the recent survey [7].

We consider mainly the above mentioned three examples and transit functions
constructed from these. By choosing the perspective of transit functions we pro-
pose a unifying approach for the study of such path properties. This approach
suggests also various new questions for future research. We discuss the behaviour
of the associated convexities and the classical convexity invariants, such as the
Carathéodory, Helly and Radon numbers in relation with graph invariants, such
as the clique number and other graph properties.

Our graphs G = (V, E) here are connected, simple and loopless. A transit
function on G is a function R : V × V → 2V satisfying the following three
axioms:

(t1) u ∈ R(u, v) for all u and v in V ,
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(t2) R(u, v) = R(v, u) for all u and v in V .
(t3) R(u, u) = {u}.

A transit function R on V is a betweenness, if it satisfies the betweenness
axioms

(b1) x ∈ R(u, v), x 6= v =⇒ v /∈ R(u, x),
(b2) x ∈ R(u, v) =⇒ R(u, x) ⊆ R(u, v).

Remark: Any function R : V ×V → 2V satisfying (t1), (t2) and (b1) is a transit
function.

A subset W of V is R-convex if R(u, v) ⊆ W , for all u, v in W . A subgraph
is convex if it is induced by a convex set. The family CR of all R-convex sets in
V is an abstract convexity: it is closed under intersections and nested unions,
and both ∅ and V are R-convex. Note that, in the finite case, the condition on
nested unions can be deleted. The convexity C0 of the discrete transit function 0
is the discrete convexity: every subset is convex. The convexity C1 of the trivial
transit function 1 is the trivial convexity. Note that we assume that singletons
are always convex. This is no real restriction of the notion of a convexity, because
if we add all missing singletons to a convexity, then it remains a convexity. Thus
the empty set ∅, the singletons {u} and the whole set V are the trivial convex
sets of a convexity. The smallest R-convex subset containing a subset W of
V is denoted by 〈W 〉R and is called the R-convex hull of W . Note that two
different transit functions R and S may give rise to the same convexity, that is,
CR = CS. Convexities defined by a transit functions are called interval convexities,
or interval spaces in e.g. [6] and [17].

The Carathéodory number c of the convexity space C is the smallest integer (if
it exists) such that for any finite subset F of V , 〈F 〉C =

⋃
{〈S〉C | S ⊆ F, |S| ≤ c}.

The exchange number e of C is the smallest integer (if it exists) such that for
any subset F of V with |F | ≥ e and any point p in F , we have 〈F − p〉C ⊆⋃
{〈F − a〉C | a ∈ F − p}. The Helly number h of C is the smallest integer (if it

exists) such that every family of convex sets with an empty intersection contains a
subfamily of at most h members with an empty intersection. Equivalently, h is the
smallest natural number such that

⋂
s∈F 〈F − s〉C 6= ∅ for every (h + 1)-element

subset F of V . The Radon number r of C is the smallest integer (if it exists) such
that every r-element set S ⊆ V admits a Radon partition, that is, a partition
S = S1 ∪ S2, (S1 ∩ S2 = ∅) with 〈S1〉C ∩ 〈S2〉C 6= ∅. The mth Radon number,
denoted by rm, is the smallest number (if it exists) such that every rm-element
set W ⊆ V admits a Radon m-partition, that is a partition of S into m pairwise
disjoint subsets W1, W2, ...,Wm such that 〈W1〉C ∩ 〈W2〉C ∩ .... ∩ 〈Wm〉C 6= ∅. A
subset S ⊆ V is called a convex-independent set if x /∈ 〈S − x〉C for every x ∈ S.
The rank of C is the supremum of the cardinalities of the independent subsets
of V . The hull number u of C is the infimum of the cardinalities of subsets S of
V such that 〈S〉C = V . There are very many literature available on convexity
invariants of graph convexities; to mention some of the most important ones [9],
[4, 5]
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Let Φ be a property of paths in G, for instance the property of being a geodesic,
i.e. a shortest path. A Φ-path is a path having property Φ. Formally, we take a
path property Φ to be a subset of the set of all paths in G. Thus, if P is a Φ-path,
then we may denote that also as P ∈ Φ. Let u and v be vertices of G. Then
Φ(u, v) denotes the subset of all u, v-paths in Φ. Here We consider feasible path
properties, that is, path properties Φ such that Φ(u, v) 6= ∅, for all u, v in V . The
Φ-path transit function, or Φ-path function for short, on G is the transit function
RΦ defined by

RΦ(u, v) = {x ∈ V | x is on some Φ-path in G }.

Note that the subgraph induced by RΦ(u, v) is a connected subgraph of G.
If no confusion arises, we call a Φ-path transit function a path transit function.
The convexity CRΦ

will also be denoted as CΦ.
If RΦ1 and RΦ2 are two path transit functions, then RΦ1 ∧RΦ2 need not be a

path transit function. For example, if Φ1 = ‘shortest’ and Φ2 = ‘longest’, then
RΦ1 ∧ RΦ2 usually will not be a path transit function. However, RΦ1 ∨ RΦ2 is
always a path transit function, namely of the path property Φ = Φ1∪Φ2. Hence,
the family of the path transit functions on G is a join semi-lattice of LG, denoted
by Lp(G). Clearly, the all-paths transit function on G defined by

AG(u, v) = {x ∈ V | x lies in some u, v-path in G},

is a universal upper bound of Lp(G).

2 Examples of path properties

We survey the well studied path transit functions and their associated convexities
together with some new path transit functions that may be of interest to Graph
Theorists. We focus our attention to the betweennes and monotone properties
of these transit functions. For the associated convexities, we discuss the convex
hull and other convexity properties like JHC and convexity and graph theoretical
invariants.

We mainly discuss the following Path transit functions

• The geodesic transit function

• The induced path transit function

• The all-paths transit function

• The Ij-path transit function

• The triangle-path transit functions

• The Longest Path (Detour)transit function
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[14] L. Nebeský, A characterization of the interval function of a (finite or infinite)
connected graph, Czech. Math. J. 51 (126) (2001), 635–642.
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